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Abstract 

We show that the Generalized Vanishing Conjecture 

V m >r[A m r = 0] =► V m » [A m ( ff r) = 0] 

for a fixed differential operator A £ k[d] follows from a special case of it, 
namely that the additional factor g is a power of the radical polynomial /. 
Next we show that in order to prove the Generalized Vanishing Conjecture 
(up to some bound on the degree of A), we may assume that A is a linear 
combination of powers of distinct partial derivatives. At last, we show 
that the Generalized Vanishing Conjecture holds for products of linear 
forms in d, in particular homogeneous differential operators A g k[di, 82]- 
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Introduction 



The Jacobian Conjecture has been the topic of many papers (see [BCWj and 
[vdEj and its references). Until recently, there was no framework available in 
which this notorious conjecture could be studied. Based on work in [dBvdE , 
Wenhua Zhao published several papers ([Zhal , Zha2], |Zha3j . |Zha4j ) which 
have changed this situation dramatically. 

In these papers, he introduced various conjectures which imply the Jacobian 
Conjecture. One of these conjectures is the so-called Generalized Vanishing Con- 
jecture. To describe it, we fix the following notations. Let k[x] = k[xi, . . . ,x n ] 
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be the polynomial ring in n variables over a field k. By D — k[di, . . . , d n ] we de- 
note the ring of differential operators with constant coefficients. By ^-linearity 
of taking partial derivative, the following defines A/ £ k[x] with A £ D and 
/ £ k[x] uniquely: 

(A 1 +A 2 )/ = A 1 / + A 2 / (A 1 A 2 )/ = A 1 (A 2 /) dj = 

where Ai, A 2 £ D and / £ k[x]. 

Generalized Vanishing Conjecture (GVC). Let A £ D and f £ k[x] such 
that 

A m / m = for all m > 1. 
Then for all g £ k[x], we have 

A m (.g/ m ) = for all m > 0. 

It was shown in |Zha21 Th. 7.2] that for a field k of characteristic zero, a positive 
answer to this conjecture (in all dimensions), with A being the Laplace operator 
A (and g = /), implies the Jacobian Conjecture. For a field of positive charac- 
teristic p, the GVC can easily be proved, because A p g = for all A £ k[d] with 
trivial constant part and all g £ k[x]. 

The main results of this paper can be described as follows. First we show 
that the g's in the formulation of the GVC can be replaced by powers of /. We 
will do that in a corollary of the following theorem. 

Theorem 1. Let f,g £ k[x] and m > d. Suppose that 

A m-dj = q 

for some A £ D. Ifdegg < d, then 

A m (gf) = 

as well. 

Corollary 2. The GVC (for some A E D) is equivalent to the following state- 
ment: if f £ k[x] is such that 

A m / m = for allm>l, 
then for each d>\, we have 

A m f m+d = for all m > 0. 
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Proof. The statement of corollary [5] follows from the GVC (for A G D) by taking 
g = / , so it remains to prove the converse. For that purpose, let g £ k[x] and 
choose d > degg. Combining the condition A m /" 1 = for all to > 1 of the 
GVC (for Aefl) and the statement of corollary dj we get A m f m+d = for all 
to > 0, which is equivalent to A m ~ d / m = for all to > 0. By taking / = f m 
in theorem [TJ we subsequently obtain A m (gf m ) = for all to ^ 0. □ 

In the proof of |vdEZ| Th. 1.5], corollary [2] is proved for A = A, the Laplace 
operator. The claim of |vdEZ[ Th. 1.5] is that one can even take d = 1 in 
corollary [2] when A = A, which subsequently follows from (3) => (2) of [Zha2, 
Th. 6.2]. Hence we can take g = f in the GVC when we restrict ourselves to 
A = A. 

If k has characteristic zero, then by |Coul §1.1], we can also formulate theo- 
rem [T] and corollary [2] in terms of the n-th Weyl algebra A n (k) over k. A n (k) is 
the algebra of skew polynomials in x and d over k, with the following commu- 
tator relations, where S is Kronecker's delta: 

XiXj — XjXi — didj — djdi = diXj — Xjdi = Sij for all 

We get the Weyl algebra formulation of theorem [T] and corollary [2] as follows. 
In each of the equalities of the form E = in them, we interpret the left hand 
side E as an element of A n (k), and replace L E = 0' by l E is contained in the left 
ideal of A n {k) generated by d\, 82, . . . , d n \ See |Cou| §5.1] for the justification 
of this reformulation, especially |Cou[ Prop. 5.1.2]. 

If k has positive characteristic, then the Weyl algebra formulations of theo- 
rem Q] and corollary [2] are not just reformulations of theorem [T] and corollary [2j 
but really different claims, see }Cou| §2.3]. This is however not essential for the 
proof of corollary [21 and neither will be essential for the proof of theorem Q] in 
the next section, so we actually have two theorems Q] and corollaries [2J 

Next we show that it suffices to investigate the GVC for a special class of 
operators. More precisely we show the following. 

Theorem 3. It suffices to investigate the GVC in all dimensions for operators 
of the form 

Cldf 1 + C 2 dl 2 + ■ ■ ■ + Cnd^, 

where the di are positive integers and C4 6 k. Furthermore, we may take Cj = 1 
or c| = 1 for all i when k = C or k — K respectively. 

Finally we prove the GVC for the following class of operators. 

Theorem 4. Let A 6 D be a product of linear forms (in the di). Then the 
GVC holds for A. 

As a consequence, we can deduce the following. 

Corollary 5. In dimension two, the GVC holds for any homogeneous operator. 

Proof. Assume without loss of generality that k is algebraically closed. Then 
any homogeneous polynomial in two variables is a product of linear factors. 
Hence the result follows from theorem 2] □ 
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The proofs 



Fix / G k[x]. For A G £> and /, g G define 

[A )ff ]/:=A( 5 /)-g(A/). 
Notice that by the product rule of diffentiation, 

[di,9}f = d i (gf)-g(d i f)=g x J (1) 

for all /, g G fe[a;], where is the polynomial g§-g. More generally, write 

d a = d^d^-'-d^. If ai = for all i, then trivially [d a ,g]f = for all 
g G jfe[ar]. Hence assume that 7^ for some i and define d a by <9 Q <9i = d a . 
Using ([J) with / = d a f, we obtain 

[ff*>9]f = P{gf)-g{&*J) 

= di(d & (gf) - + di(g(d & f)) - g{di(d & f)) 

= d i ([d & ,g]f) + [d i ,g}(d & f) 

= di{[d & ,g]f)--g Xi (d & f) 

= d l ([d & ,g]f)+d & (g x J~) ~ [d & ,g Xi ]f 

for all g G k[x\. By induction on Y^i=x a ii it follows that [d a ,g]f can be ex- 
pressed as a fc-linear combination of polynomials of the form A*(g*f), where 
A* G D and g* G k[x] is a polynomial of degree less than degg. 

(r) ~ 

Now fix g G fc[x] as well and set d := degg. If we define D^f as the 
fc-space of polynomials A*(g*f), with A* G D and g* G fc[x] of degree < r, 
then [<9 Q ,<?]/ G /. Writing an arbitrary operator A G D as a fc-linear 

combination of monomials 3 Q , we deduce that 

[A, ff ]/€l>gf 1) /foraQAei?. (2) 

Proof of theoremUi Assume degg < d. Recall that we have A m ~ d f = and 
must show that the left hand side A m (gf) of ((3]) below is zero. If m — d, then 
/ = 0. If d = 0, then 3 G k. Hence the cases m = d and d — are trivial. So 
assume that m > d > 0. Notice that A(gf) = g(Af) + [A, g]f, whence 

A m ( 5 /~) = A^GKA/)) + A™" 1 ([A, «?]/). (3) 

Since A^ m -^- d (Af) = A m - d (f) = 0, it follows by induction on m that the first 
term A m_1 (g(A/)) = on the right hand side of ([3]) vanishes. 

Hence it suffices to show that the second term A m_1 ([A, g]fj on the right 
hand side of (|3|) vanishes as well. For that purpose, we use ([2]) to write [A, g]f 
as a sum of polynomials of the form A* (</*/), where A* G D and g* G k[x] such 
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that degg* < d— 1 for each such term. Thus the second term A m 1 ([A, g]f) on 
the right hand side of (|3|) is a sum of polynomials of the form 

A 7n-1 A*(<7*/) = A*(A W-1 (</*/)), (4) 

with A* and g* as above. Since Ai^-i)-(d-i) ^ = A m - d (/) = 0, it follows by 
induction on d that the second factor on the right hand side of (U]) vanishes. So 
both sides of ([3]) are zero. □ 

Just as theorem Q] itself, the above proof can be reformulated in terms of the 
n-th Weyl algebra A n (k) over fc (resulting in the proof of a different theorem 
when fc has positive characteristic). The Weyl algebra formulation of ([1} is 
|Coul Exrc. 1.4.1] and the definition of Dy / corresponds to a filtration which 
is isomorphic to the order filtration in |Cou| §7.2], see also |Cou[ §3.2]. The 
actual isomorphism is generated by 

X{ di di i — y —Xi for all i. 

By way of the same isomorphism, it follows from [Cou[ Prop. 1.2.1] that every 
element of A n {k) is a linear combination of elements of the form A*g*, where 
A* G D and g* £ k[x\. This fact has some connection with ([2]). 

Proof of theorem\M Let A G D be a non-zero operator and / G k[x] such that 
A m f m = for all to > 1. We must show that A m (gf m ) = in case the GVC 
holds for fc-linear combinations of powers of distinct partial derivatives. 

i) Since each monomial of degree d appearing in A can be written as a fc-linear 
combination of powers of the form l d , where I is a fc-linear combination of 
d\, &2, ■ • • , d n , we can write A as a fc-linear combination of such powers, 
i.e. 

A = dlf 1 + c 2 l d ' 2 + ■ • • + c N l d N N (5) 

for some Cj G fc*, di G N, where U — audi + • • • + a,i n d n , for some ciij G fc. 
If fc = C or fc = M, then we may assume that c\ = c 2 = ■ ■ ■ = c n = 1 or 
cf = cf = -- -= c^ = l respectively. 

ii) Now we introduce N new variables yi, j/2> • • • > UN and consider the operator 

A* := {d m + h) dl + (d V2 + l 2 ) d > + --- + (d VN + l N ) dN (6) 

on the polynomial ring k[x\, . . . , x n , y\, ... , un]- Making the linear coor- 
dinate change defined by 

x'i ■= Xi - {a u yi H h a Ni y N ) y'- := y 3 

for allz < n and for all j < N, we obtain d Vj + lj = d y > , because 

{d Vj + lj)Xi = -aji + an = (d Vj + lj)y' t = S jt 

for all i < n and all j, t < N. Hence on these new coordinates, the operator 
A* is of the form as described in the statement of the theorem. It follows 
that the GVC holds for A*. 
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iii) Since / € k[x] satisfies A m f n = for all to > 1, it follows from (J5J) and 
© that also (A*) m f rn = for all to > 1. As observed in ii), the GVC 
holds for A*, thus we obtain that for every g £ k[x] also (A*) m (gf m ) = 
for all large m. But again by §5§ and ©, it follows that A m (gf m ) = for 
all large m, which concludes the proof. □ 

Finally, we give the proof of theorem |4j in which we re-use some techniques 
given in the proof of theorem [3J 

Proof of theorem^ Let A = lx ■ fa In for some non-zero linear forms h in 

d\, c?2, ■ • ■ , d n . As above, introduce N new variables J/1,2/2 • • • j UN and consider 
the operator 

A* :=(d yi +h)-(d y2 +l 2 ) (d yN +l N ) (7) 

Making the linear coordinate change 

x'i := X4 - {auVi H h a Ni y N ) y'j := y 3 

for all i < n and for all j < N again, we obtain that on these new coordinates, 
the operator A* is of the form 

By [vdEWZi Cor. 3.5.3], it follows that the GVC holds for this operator. Hence 
the GVC holds for A*. So just as in iii) above, we deduce that the GVC holds 
for A. □ 
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